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INTRODUCTION

Energy Release Rate
74
Consider a continuous beam subjected to longitudinal eigenstress σ 0 xx (x) = σ p (x), with 75
x the position vector. Fracture occurs when the energy release rate is equal to the fracture 76 energy of the material:
78 with E pot the potential energy and Γ the crack surface. The above equation for linear elastic 79 fracture mechanics is obtained noting that the energy release rate G is the amount of stored 80 potential energy that is released when the crack surface increases by δΓ, i.e., −δE pot = GδΓ.
81
We consider Irwin's argument (Irwin 1958) , that the released energy is equal to the work compatibility condition needs to be satisfied:
107 otherwise decoupling the axial and bending contributions to the energy release rate is not 
110
The above analysis provides a first order approximation of the risk of fracture by using with the opposite sign at the crack surface (Figure 1 b, e). The total deformation is the 120 sum of the deformation of the two problems (u = u 1 + u 2 and ω = ω 1 + ω 2 ). However, the 
where k H is horizontal stiffness of the spring. Let the midspan of the finite-length pavement 130 between two cracks be the origin of the coordinate system. The solution to the above 131 differential equation classically is u = C 1 exp (−ξβ) + C 2 exp (ξβ) with ξ = x/ ( /2) and 132 β = k H /4ES, and C 1 and C 2 two constants to be determined from boundary conditions.
133
Infinite Pavement
134
To solve for the constants C 1 and C 2 , we make use of the symmetry condition at the 135 origin (u(ξ = 0) = 0), and the boundary condition N = ESu = −N p , where (·) denotes 136 the derivative with respect to x, at the two crack surfaces at x = ± /2 (see Figure 1(b) ).
137
The axial deformation of the beam at the crack location is readily obtained:
139 with U ∞ (β) given by (and plotted in Figure 2 ):
141
For small values of β, the above approaches unity in the form of
142
In the absence of rotation of the crack surface, the crack opening is [[u]] = −2u (x = /2), and the energy release rate corresponding to the axial eigenstress force, N 0 = N p is obtained:
145 where x = (x + |x|) /2. The stress intensity factor then reads:
147
The stress intensity factor is given in connection with the global energy release rate and does 148 not represent any local stress singularity. before fracture is then:
155
The pavement is likely to crack in the middle, i.e. at ξ = 0, where the initial force has a 156 maximum value equal to α N N p , where α N = 1 − 1/ cosh β. Once the initial stress state in the finite beam is known, using a similar argument given in the previous section one needs 158 to find the displacement u 2 in Figure 1 (b) such that it satisfies N = ESu = −α N N p at the 159 crack surface (x = 0). In addition, a zero resultant force, N = ESu = 0, at the two edges
160
(x = ± /2) of the finite-length pavement must be maintained. Solving Eq. (8) with these 161 boundary conditions, the displacement at the crack surface is:
163
Noting that the displacement jump at the crack-joint is [[u (0) ]] = +2u (0) and the initial eigenstress force in a finite-length beam is N 0 = α N N p , the energy release rate and the stress 165 intensity factor read, respectively, as:
167 and 168
169
with U (β) given by (and illustrated in Figure 2 ):
Function U (β) has a maximum value of U max (β) = 0.2850 at β = 2.3354570468. It can 
where γ = 4 k V /16EI.
192
193
In the case of an infinite beam, the coefficients C 1 to C 4 in equation (20) displacement at the crack front is then readily found in the form:
200 with:
203
Note that doweling effects are neglected at the cracks. The angular rotation at the crack front (ξ = 1) thus reads:
206
with W ∞ (γ) given by (and plotted in Figure 3 ):
For small values of γ, the above approaches unity according to 
213
and the stress intensity factor reads:
215
with W = 2I/h. Note that herein is the crack spacing. cracking is expressed as:
with the initial beam's displacement at midspan:
Similarly the normalized eigenstress moment before fracture reads: 
231
This condition is essential in application of the model developed hereafter. It can be shown 232 that if γ ≤ 5.57 this condition is satisfied (see Figure 5 ). For this range of γ values, the ratio 233 of the maximum initial moment to the initial eigenstress moment of an infinite beam M p is:
Once the initial state of the beam before fracture is known, one obtains the displacement beam's rotation at crack location is thus obtained:
with F 4 (γ) given by:
Noting that the crack opening is [[ω y ]] = −2ω y (0), and the initial eigenstress moment is
the energy release rate and the stress intensity factor are obtained as:
248
and:
with W (γ) given by (and plotted in Figure 3 along with the ratio
252
For small values of γ, function W (γ) approaches zero according to W (γ) → γ 4 /48 + O (γ 8 ).
253
As observed in Figure 3 , for γ < 3.3446, the infinite-length beam exhibiting transversal 254 cracks with a spacing of has a greater energy release rate; meaning that the fracture 255 process is stable. A higher energy release rate is observed for 3.3446 < γ < 5.5531, where 256 α M > 1 meaning that the initial moment in the finite beam is greater than that of the 257 infinite beam. Thus, as long as γ < 3.3446, the ratio α M is less than unity. This means that 258 the maximum initial moment in a finite-length beam is less than that of an infinite beam,
259
and, as a consequence, the fracture process is stable. In contrast, when an infinite beam 260 subjected to an eigenstress moment generates a crack spacing of , the next fracture at half-261 length will be generated; -that is, the crack process is unstable. We therefore shall restrict 
268
The compatibility condition in (7) indicates that for the crack to open over the entire 269 section, the ratio of moment to axial force must be less than or equal to U ∞ (β)/W ∞ (γ)×h/6.
270
In the above analysis only the eigenstresses in the pavement are considered while the 271 stresses within the subgrade are disregarded. However, a constant uplift or downlift of the 272 foundation due to homogenous displacement of the subgrade does not generate eigenstresses,
273
and will thus not affect the risk of fracture.
274
APPLICATIONS
275
By way of application, we show that the above developments provide a convenient frame-
276
work for a fracture-based design of concrete pavements, which should be the main focus 277 when durability is a criterion. The first example examines concrete pavement at early ages.
278
The above fracture criterion is used to determine the critical hydration degree and critical 279 time before which the joints must be cut to avoid fracture. The second example investigates 280 concrete pavements under temperature cycles with a focus on identifying the important 281 structural and material properties that result in pavement fracture.
282
Concrete at Early Ages: Criterion for Joint Cutting phase. Finally, σ * and p stand respectively for the eigenstress generated in the solid phase 297 and the pressure in the assumed saturated porosity.
298
After placing concrete pavements, these chemo-mechanical eigenstresses start accumu- finite-length beam with lower energy release rate as discussed in the previous section.
303
To simplify the calculations we assume a homogeneous development of the incremental 304 eigenstress defined by (37); so that the eigenstress only depends on the hydration degree;
, and is constant over the pavement thickness. Thus, according to Eq.
306
(5) and (6) only an axial eigenstress force, N 0 = Sσ p (α), is generated, while the eigenstress 307 moment, M 0 , is zero. Applying the LEFM expression (12), the stress intensity must be 308 smaller or equal the fracture toughness,
310
Noting that the stress intensity has a maximum as β goes to zero (see functional relation of Figure 2 ) and decreases with increasing β, the smallest crack spacing for a specific 312 level of eigenstresses in an infinite beam is obtained when β approaches zero. In addition, 313 the risk of secondary cracks are low for small β. However for large values of β (e.g., for
pavements with large horizontal subgrade stiffness), a small increase in eigenstresses may 315 cause secondary cracking.
316
The distance between two consecutive cracks generated by early-age eigenstresses can be 317 determined by inverting Eq. (38) at the limit case
From a design perspective, however, one needs to use the highest stress intensity correspond-320 ing to β values approaching zero:
322
The above equation implies that if a chosen joint spacing L, is smaller than the critical crack 323 spacing c (α) generated in an infinite pavement, the fracture will not occur. Alternatively,
324
for a given joint distance L, one obtains a critical hydration degree, α c , for which L = c (α c ).
325
Therefore if the joints are cut at a hydration degree smaller than α c , no crack will occur due 326 to shrinkage-induced eigenstresses, that is:
328
For purpose of illustration, we assume a linear chemo-elastic relationship for these in- 
341
Thus the eigenstress is
) and the 342 spacing between two cracks reads:
344
For hydration degrees around the percolation threshold α 0 , the critical hydration degree can then be developed in the form: would need to increase the ratio of fracture toughness to elastic modulus by a factor of λ 1/2 .
354
In return, an increase in shrinkage would need to be compensated by the same increase in the toughness-to-stiffness ratio. is obtained from a calorimetric test, whereas E a is the activation energy, R is the universal 362 gas constant and T is the absolute temperature. The critical time is then obtained from: respectively at large and small times.
Steady-state conditions
380
Consider a pavement section with thickness h subjected to thermal cycles. Under steady- 
392
We also note that for a subgrade with no or little heat exchange when κ s → 0 the constant 393 C 2 = 0, and the temperature profile T (z) = T ext is constant over the pavement thickness. In 394 other words, under steady-state conditions, t → ∞, only a heat exchange with the subgrade 395 will entail a temperature gradient. In the absence of such an exchange, only axial eigenstress 396 forces will develop in the pavement section:
398 with α T the thermal expansion coefficient. Using Eq. (12), the LEFM fracture criterion 399 then reads here:
401 with U (β) given by Eqs. (10) and (17) for respectively infinite and finite-length pavements.
402
Thus to avoid pavement fracture, the maximum temperature change applied to the pavement 403 must be limited to: 
The above provides a scaling relationship for the allowable temperature change. For instance 412 to increase the allowable temperature variation by a factor of λ one can decrease the joint 
Eq. (53) and the initial and boundary conditions are expressed in dimensionless forms:
The solution of the above set of equations for the case where T z = 1, t ≤ 1 reads:
The so obtained temperature profile is plotted in Figure 6 by N p (∞), the temporal variation of the normalized axial eigenstress force is obtained:
The above expression (also illustrated in Figure 7) indicates that as time increases, the axial 452 force approaches its corresponding value at steady-state condition. Similarly, the normalized 453 eigenstress moment due to the temperature gradient is also obtained by dividing Eq. (61)
456
To study pavement fracture in transitory condition, one needs to consider the combined 457 effect of axial forces and bending moments in the energy release rate, that is
Thus, using Eq. (3), (15) and (26) the energy release rate becomes:
The normalized value is then obtained by dividing the above energy release rate by the energy 461 release rate corresponding to steady-state condition:
for T 0 > T ext , for which the beam is under tensile axial force, i.e. N p (∞) > 0: 
where erfc (x) = 1 − erf (x) is the complementary error function. Thus the following rela-
484
tionship holds between bending moment and axial force:
The above quadratic relation is illustrated in Figure 8 and compared with the exact functional 487 relation. The normalized moment has a maximum equal to 1/2π at N p t /N p (∞) = 1/π, 488 which corresponds to the dimensionless time t = 1/4π.
489
Large time-scale
490
For larger times, i.e. t > 0.1, the zeroth-order approximation of Eq. (62),
provides an accurate estimate for the axial eigenstress force (see Figure 7) . Using a zeroth- 
The two curves corresponding to small and large times coincide at N p t /N p (∞) = 0.4491 502 corresponding to a dimensionless time t = 0.16.
503
Energy release rate
504
For short time-scales, using the approximate relation in (69), the normalized energy 505 release rate is obtained (Figure 9) : As observed in Figure 9 , the combined effect of bending moment and axial forces plays a translates to:
519
with the distance between cracks, whereas for a finite-length pavement with joint spacing 520 L, one can write:
522
In other words, for finite-length pavements, the absence of a horizontal subgrade stiffness 
528 is valid for < 10 so that the risk of fracture is not dominated by transitory effects.
529
CONCLUSIONS
530
The proposed mechanics-based model relates the risk of fracture of concrete pavements, 531 subjected to different distress mechanisms, to their material and structural properties. Be-532 sides the classical design prescriptions, such as increasing pavement thickness and reducing 533 joint spacing which both reduce the energy release rate, the results allow the following con-534 clusions:
535
• For a fixed pavement structure, increasing the fracture toughness and decreasing the 536 stiffness of the material reduces the risk of fracture.
537
• Increasing the horizontal stiffness of the subgrade (by e.g. compaction and consoli-538 dation) will improve the performance of concrete pavement subjected to autogenous 539 shrinkage at early ages by reducing the energy release rate of the structure. However,
540
such an increase has an inverse impact on the hardened pavement performance, when 541 the pavement is subjected to thermal cycles during its lifetime.
542
• For the case of pavement subjected to thermal cycles, special attention must be paid 543 to the ratio of dimensionless energy release rates due to bending and axial contribu- The ratio of energy release rate in transitory and steady-state conditions in 
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